Introduction {#Sec1}
============
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                \begin{document}$u=0, u=1$\end{document}$ are two constant equilibria of ([1.1](#Equ1){ref-type=""}).

In practical applications, traveling wave solutions can well explain oscillations and finite velocity propagation phenomena in nature. Thus, in recent years, the existence and the stability of traveling wave solutions of ([1.1](#Equ1){ref-type=""}) have been extensively studied by many scholars, see \[[@CR1]--[@CR5]\] and the references therein. A traveling wave solution of ([1.1](#Equ1){ref-type=""}) is a solution of the form $\documentclass[12pt]{minimal}
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However, it is not enough to understand the dynamical structure of solutions of reaction--diffusion equations by only considering traveling front solutions. From the dynamical view, the study of entire solutions is essential for a full understanding of the transient dynamics and the structures of the global attractor as mentioned in \[[@CR6]\]. For example, the *ω*-limit sets of bounded solutions of ([1.1](#Equ1){ref-type=""}) and global attractor are comprised of entire solutions as mentioned in \[[@CR6], [@CR7]\]. In recent years, the existence of entire solutions is widely discussed. Firstly, when *f* satisfies $$\documentclass[12pt]{minimal}
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                \begin{document}$$ f'(0)>0,\qquad f'(1)< 0,\qquad f(u)>0,\qquad f'(u)\leq f'(0),\quad \mbox{for all } u\in(0,1), $$\end{document}$$ then ([1.1](#Equ1){ref-type=""}) becomes the famous Fisher--KPP equation (monostable case). For this equation, Hamel and Nadirashvili in \[[@CR8]\] proved the existence of entire solutions by the comparison theorem and super-sub estimates, which consists of traveling front solutions and solutions to the diffusion-free equations. Moreover, they also pointed out that the entire solutions to ([1.1](#Equ1){ref-type=""}) depend only on *t* and traveling wave solutions are typical examples of entire solutions, and they showed various entire solutions of ([1.1](#Equ1){ref-type=""}) with ([1.3](#Equ3){ref-type=""}) in their subsequent paper \[[@CR9]\]. While for both $\documentclass[12pt]{minimal}
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                \begin{document}$f'(1)<0$\end{document}$ (bistable case), Yagisita in \[[@CR10]\] revealed that the annihilation process is approximated by a backward global solution of ([1.1](#Equ1){ref-type=""}), which is the entire solution. We call this kind of entire solutions annihilating entire solutions, and in the following, without special indication, we use entire solutions to represent annihilating entire solutions for short. For Allen--Cahn equation $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_{t}=u_{xx}+u(1-u) (u-a), $$\end{document}$$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a\in(0,1)$\end{document}$, as a special example in \[[@CR10]\], Fukao et al. in \[[@CR11]\] gave a proof for the existence of entire solutions by using the explicit expression of the traveling front and the comparison theorem. Later, Guo and Morita in \[[@CR12]\] extended the results in \[[@CR8]\] and \[[@CR10]\] to more general cases including a discrete KPP equation by the super-sub solutions method and the comparison theorem. At the same time, Chen and Guo in \[[@CR13]\] proved the existence of entire solutions by showing a different technique which used only one function to construct a pair of deterministic super-sub solutions. Moreover, Chen et al. in \[[@CR14]\] also used the method in \[[@CR13]\] to construct entire solutions based on standing waves. Furthermore, in \[[@CR6]\], Morita and Ninomiya constructed two kinds of merging entire solutions. Very recently, Wang in \[[@CR15]\] investigated the entire solutions for the degenerate Fisher equation by considering two traveling front solutions with critical speeds. And Zhang et al. in \[[@CR16]\] dealt with the front-like entire solution of a classical nonlocal dispersal equation with ignition nonlinearity, where the dispersal kernel function may not be symmetric.

However, little is known about the entire solutions of reaction--diffusion equations with doubly degenerate nonlinearities. Thus, encouraged by \[[@CR6], [@CR12], [@CR13], [@CR15], [@CR16]\], in this paper we will investigate the entire solutions of ([1.1](#Equ1){ref-type=""}) under assumption $\documentclass[12pt]{minimal}
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The rest of this paper is arranged as follows. In Sect. [2](#Sec2){ref-type="sec"}, we show the existence and the asymptotic behaviors of traveling front solutions of ([1.1](#Equ1){ref-type=""}) and give some preparations that will be used to construct the sup-sub solutions. An entire solution to ([1.1](#Equ1){ref-type=""}) can be obtained by considering two traveling front solutions with critical speeds that come from both sides of the *x*-axis in Sect. [3](#Sec3){ref-type="sec"}. Finally, we apply our results to an example.

Preliminaries {#Sec2}
=============

In this section, we will give some relevant preparations in order to obtain the main conclusions later. First of all, we state the definitions of supersolution and subsolution of ([1.1](#Equ1){ref-type=""}) as follows.

Definition 2.1 {#FPar1}
--------------
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From \[[@CR3]\], we can obtain the following result, which shows the existence and the asymptotic behavior of traveling front solutions of ([1.1](#Equ1){ref-type=""}).

Lemma 2.2 {#FPar2}
---------
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In order to establish the supersolution of ([1.1](#Equ1){ref-type=""}), we should consider the following ordinary differential problem: $$\documentclass[12pt]{minimal}
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The existence of entire solutions {#Sec3}
=================================

In this section, we discuss the existence of entire solutions of ([1.1](#Equ1){ref-type=""}). Firstly, we construct the supersolution.

Lemma 3.1 {#FPar3}
---------
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Proof {#FPar4}
-----

For simplicity, we use *ϕ* and *ϕ̃* instead of $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \mathcal{F}(\bar{u})&=\phi'p'+ \tilde{\phi}'p'-\phi ''- \tilde{\phi}''-f(\phi+\tilde{\phi}) \\ &= \bigl(\phi'+\tilde{\phi}' \bigr) \bigl(p'-c \bigr)-f(\phi+\tilde{\phi})+f(\phi)+f(\tilde{\phi }) \\ &= \bigl(\phi'+\tilde{\phi}' \bigr) \bigl[Me^{\alpha p}-G(x,t) \bigr], \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\leq x\leq-p$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned}f(\phi+\tilde{\phi})-f(\phi)-f(\tilde{\phi})&= \biggl( \int _{0}^{1}f'(\tilde{\phi}+s\phi)\,{ \mathrm {d}}s \biggr)\phi - \biggl( \int_{0}^{1}f'(s\phi)\,{\mathrm {d}}s \biggr)\phi \\ &\leq\phi \int_{0}^{1} \bigl\vert f'(0)-f'(s \phi) \bigr\vert \,{\mathrm {d}}s\leq L\phi^{2}. \end{aligned} $$\end{document}$$ Then $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} G(x,t)\leq\frac{L\phi^{2}}{\phi'+\tilde{\phi}'}\leq\frac{L\phi}{\phi'/\phi }\leq\frac{Lr_{2}e^{\alpha(x+p)}}{\eta}\leq \frac{Lr_{2}}{\eta}e^{\alpha p}. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} G(x,t)\leq\frac{Lr_{2}}{\eta}e^{\alpha p}. \end{aligned}$$ \end{document}$$ Then, combining ([2.5](#Equ8){ref-type=""}), ([3.1](#Equ9){ref-type=""}), ([3.2](#Equ10){ref-type=""}), ([3.5](#Equ13){ref-type=""}), and ([3.6](#Equ14){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar5}
-----------
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Proof {#FPar6}
-----
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                \begin{document}$$\underline{u}(x,t)=\max \bigl\{ \phi(x+ct+q),\tilde{\phi}(-x+ct+q) \bigr\} . $$\end{document}$$ It is obvious that $$\documentclass[12pt]{minimal}
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Next we will prove ([3.7](#Equ15){ref-type=""}). Firstly, we prove $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}0\leq u(x,t)-\phi(x+ct+q)&\leq\bar{u}(x,t)- \phi(x+ct+q) \\ &\leq\phi \bigl(x+p(t) \bigr)+\tilde{\phi} \bigl(-x+p(t) \bigr)-\phi(x+ct+q) \\ &\leq r_{2}e^{\alpha(-x+p(t))}+\sup_{z\in\mathbb{R}} \bigl\vert \phi '(z) \bigr\vert \bigl(p(t)-ct-q \bigr) \\ &\leq r_{2}e^{\alpha p(t)}+K\sup_{z\in\mathbb{R}} \bigl\vert \phi'(z) \bigr\vert e^{c\alpha t}. \end{aligned} $$\end{document}$$ For $\documentclass[12pt]{minimal}
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Now we discuss the uniqueness. Set $\documentclass[12pt]{minimal}
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Next we give another type of entire solutions. Suppose that $\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar7}
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Proof {#FPar8}
-----
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Applications {#Sec4}
============

For the double degenerated generalized Fisher-type equation, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} u_{t}=u_{xx}+u^{p}(1-u)^{q},\quad p>1,q>1, \end{aligned}$$ \end{document}$$ where *p* and *q* are not necessarily integers. Now we show the conclusion of the existence of traveling wave front solutions of ([4.1](#Equ21){ref-type=""}).

Lemma 4.1 {#FPar9}
---------
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Theorem 4.1 {#FPar10}
-----------

*Assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} &\lim_{t\rightarrow-\infty} \Bigl\{ \sup_{x\geq0} \bigl\vert u(x,t)-\phi(x+ct+\theta _{1}) \bigr\vert +\sup_{x\leq0} \bigl\vert u(x,t)-\tilde{\phi}(-x+ct+\theta_{2}) \bigr\vert \Bigr\} =0, \\ &\lim_{t\rightarrow+\infty}\sup_{x\in\mathbb{R}} \bigl\vert u(x,t)-1 \bigr\vert =0. \end{aligned}$$ \end{document}$$
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